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from (13), with an additional equation arising from (13) for
j = 0 when U-\ is obtained from (14). The remaining equa-
tion is that for z, Eq. (9).

Most computing machines are equipped with powerful
subprograms for solving systems of ordinary differential
equations. These programs are usually designed to select
automatically the interval of integration based on criteria
designed to bound the truncation error. Since the problems
under consideration are often characterized by rapidly decay-
ing transients, it follows that these problems allow vastly
differing integration intervals to maintain a fixed truncation
error. Explicit finite-difference methods require adjusting
the space increment when varying the time increment to
maintain a fixed stability ratio. For this reason, and be-
cause of a lack of criteria for adjusting step size in both ex-
plicit and implicit difference schemes, the method of lines
seems to be the simplest, most efficient, and most flexible
method for the type of problem presented herein. The
greatest advantage, however, is its ability to find the posi-
tion of the moving boundary without iteration. Variations
of the procedure described in this paper have been used
successfully by the author on problems involving the re-
cession of a burning fluid and the solidification of explosives.
In addition, the method can easily be extended to heat flow
problems involving composite materials or to materials having
thermal properties dependent on temperature.
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Reply by Author to H. J. Breaux

RICHARD EPPES JR.*
U.S. Army Missile Command, Redstone Arsenal, Ala.

IN his comment1 on Ref. 2, Breaux stated that the method
presented was restricted by several conditions. The

method in itself is not restricted, as claimed by Breaux; only
the presentation in the Note was restricted for purposes of
brevity.

A footnote2 in my Note stated that the method has been
extended to encompass radial heat flow in cylinders and
spheres, finite-difference methods for inward and outward
surface recession, equations describing cylindrical and
spherical sublimation-conduction for several typical com-
posite material arrangements, equations defining criteria for
stopping surface recession, and equations to determine heat
flow after recession terminates. These techniques all have

been used successfully in the past and no shortcomings nor
difficulties have been encountered.

As stated in Ref. 2, the equations presented are applicable
only to the first interior nodal point where this point is located
less than one A space increment from the receding surface.
The surface temperature is constant (variable with time if
one desires) and the other nodal points, with the exception
of the second nodal point, are calculated using general ex-
plicit finite-difference equations. Once the recession front
reaches the original first interior nodal point (Tz)j then the
equations presented2 are applied to the original third nodal
point (T8), as stated on p. 16802 after Eq. (3). This pro-
cedure of handling the first interior nodal point temperature
is continued until the receding surface is within one A incre-
ment of the back surface or an interface as stated in the
Note2 on p. 1680. Special equations, of no greater com-
plexity, must then be applied.

The reason that the presentation was restricted to cases
where the temperature of the receding surface remained con-
stant during the recession process and the material thermal
properties did not vary with temperature was to allow for
comparisons of data to exact, solution results. Variable
thermal property data have been used and the receding sur-
face temperature varying with time can be very easily
incorporated.

To circumvent compressing the grid and encountering
small time increments, especially as the receding surface
approaches a backside or substructure interface, the non-
shifting grid technique was considered advantageous. In-
herent to a nonshifting grid is computational efficiency and
a fixed stability ratio. If the computed temperatures are
to be compared with empirical thermocouple data from a
receding material, the fixed grid is most desirable and simple
to arrange.

As stated in the Note,2 the procedure requires a negligible
increase in computer time over an identical nonrecession case,
primarily because all calculations internal to the first interior
node are made by ordinary explicit finite differences. The
computer program efficiency is thus comparable to a nonre-
cession explicit finite difference program. The efficiency has
been verified by past experience in using the program.

This recession-conduction procedure is extremely simple
for extending general explicit finite-difference heat conduction
routines to provide analytical capability in calculating the
temperature of a structure during surface recession.
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Comment on "Inner Region of
Transpired Turbulent Boundary Layers"

THOMAS J. DAHM* AND ROBERT M.
Aerotherm Corporation, Polo Alto, Calif.

IN a recent Note Stevenson1 discusses the disparity between
the theoretical friction factors for the transpired turbulent

boundary layer predicted in Ref. 2 and those in Ref. 3. The
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theories of both references are based in part on generaliza-
tions of experimental "inner region'7 velocity profiles and wall
shear determinations. It follows logically that the theoretical
discrepancy is due in part to a disparity in the experimental
data. Through an assertion of the accuracy to which dd/dx
can be determined experimentally (±0.00015), Stevenson
demonstrates the possibility that the consequent difference in
the mathematical formulation of the behavior of the inner
region lies outside the uncertainty in the experimental data.
With this argument as a basis, he suggests variations between
experimental surface roughnesses and porosities as the causes
for the discrepancies.

Although it is undeniable that surface-roughness effects are
important, with and without mass addition, Stevenson's
argument hangs on a most tenuous thread. Experimental
friction factors determined from the two-dimensional integral
momentum equation depend not only on the accuracy of
dd/dx, but also on the accuracy of blowing rate. The accuracy
of the effective two-dimensional dd/dx is dependent on a
myriad of experimental considerations, not the least of which
are three-dimensional and end effects. Unfortunately, these
effects tend to be amplified by mass addition.6.17 In turn, a
further amplification of error occurs in the subsequent
evaluation of friction factor C//2. For example, at a blow-
ing rate vw/u\ of 0.005 and a flat plate length Reynolds number
of 106, ±1% uncertainty in both dd/dx and vw/Ui admits to
about ± 32% uncertainty in friction factor. To demonstrate
these uncertainties more graphically, Fig. 1 indicates chron-
ologically the reported values of friction factor for this condi-
tion, all data in the figure being obtained employing the same
MIT apparatus and the same experimental surface.

With regard to the particular data upon which Stevenson's
formulation for the inner region is based, his were obtained in
a fully developed transpired region whose length is on the
order of only 1 ft, and the friction factor data of McQuaid8

vary by a factor of 2 to 4 at a momentum thickness Reynolds
number of about 4.5 X 103. and vw/Ui « 0.0033 (see Ref. 9).
According to Stevenson's criterion on the accuracy of dd/dx,
McQuaid's friction factors should be certain and in agree-
ment within about =t 10%.

The theory of Ref. 2 is based on evaluations of all significant
mass, momentum, and energy boundary-layer data obtained
on the MIT apparatus prior to 1963,4"7'10-13 as well as the
impervious wall data of Refs. 14-16, and the suction data of
Button.18 It was concluded that for the MIT apparatus, no
valid estimates of friction factor could be obtained at blowing-
ratios greater than 0.003, using the momentum equation.
Therefore, the data presented in Ref. 2 are based on detailed
evaluations of velocity profiles near the wall as described in
Appendix A of that reference. Recently, data obtained at
Stanford9 using a new and carefully diagnosed apparatus (de-
termined to have an aerodynamically smooth surface) have
been interpreted by the momentum equation (at Rex = 106,
vw/m = 0.0038, C//2 « 7 X 1CT4; which is about 40% higher
than the theoretical results of Ref. 2). Reference 9 finds the
second hypothesis of Rubesin [Stevenson's Eq. (5), ua/uT =
constant] serves to generalize their inner-region data, in sub-
stantial agreement with the findings of Kendall,7 and in sub-
stantial agreement with the results of Van Driest's hypothesis
[Stevenson's Eq. (7)]. These results are in conflict with
Stevenson's suggested Eq. (6) (B = constant).

Fig. 1 Experimental
friction factors ob-
tained using the Mass-
achusetts Institute of
Technology apparatus.
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The adequate mathematical formulation of the inner-
region behavior requires consideration of the energy and
mass boundary-layer behaviors as well. In this regard, the
helium injection data of Kendall7 and the heat-transfer data
of Curl10 were found to be quite predictable, employing the
continuous mixing length model of Ref. 2, along with applica-
tion of the turbulent Schmidt and Prandtl numbers of 0.75,
which were interpreted from the experimental data. This
success is particularly noteworthy in view of the low Schmidt
number for helium ( — 0.2).

Considering high transpiration rates, Stevenson introduces
u dimensional reasoning" to establish that C is a constant in
his Eq. (11). (His Fig. 2 demonstrates that C is obviously
not constant.) It appears that this reasoning is predicated on
the assumption that wall shear is identically and irrevocably
zero, i.e., no longer a boundary-layer parameter. This ap-
pears unacceptable, at least to those of us who expect shear
to approach zero asymptotically as transpiration increases in
a favorable or negligible pressure gradient flow. Stevenson's
subsequent discussion of the validity of the wall law expres-
sions ceases to be pertinent if the dimensional reasoning can-
not be accepted.

In conclusion, it is our opinion that 1) in the experiments
referenced, the uncertainties in experimental friction factors
obtained by using the two-dimensional momentum equation
are significantly greater than stated or inferred by Stevenson;
2) the theory of Ref. 2 is felt to be more firmly based because
consideration was given to data of many (rather than two)
investigators, and consideration was given to mass and
energy data in addition to momentum data; 3) recent data of
Ref. 9 obtained on a well-qualified experimental system ap-
pear to support the inner-region formulations of Ref. 2, in
conflict with the formulation of Ref. 3; and 4) the dimen-
sional reasoning of Stevenson with regard to the inner-region
behavior with high blowing is in error, and thus, his subse-
quent inferences are not pertinent.

References

1 Stevenson, T. N., "Inner Region of Transpired Turbulent
Boundary Layers," .47.4.4 Journal, Vol. 6, No. 3, March 1968, pp.
553-554.

2 Kendall, R. M. et al., ''Mass, Momentum, and Heat Trans-
fer within a Turbulent Boundary Layer with Foreign Gas Mass
Transfer at the Surface, Part I—Constant Fluid Properties,"
Kept, 111, DDC AD619209, Feb. 1, 1964, Vidya Division of
Itek Corp., Palo Alto, Calif.

3 Stevenson, T. N., ''Experiments on Injection into an Incom-
pressible Turbulent Boundary Layer," Rept. Aero. 177, 1964,
College of Aeronautics, Cranfield.

4 Mickley, H. S. et al., "Heat, Mass, and Momentum Transfer
for Flow over a Flat Plate with Blowing or Suction," NACA
Contract Naw 5980, Sept. 1952, Massachusetts Institute of
Technology; also TN 3208, 1954, NACA.

5 Gessner, A., "Momentum Transfer for Flow over a Flat
Plate with Blowing and Mainstream Acceleration," Doctoral
thesis, 1954, Massachusetts Institute of Technology.

6 Davis, R. S., "Interaction of Mass and Momentum Transfer
in Turbulent Boundary Layers," Doctoral thesis, Aug. 21, 1955,
Massachusetts Institute of Technology.

7 Kendall, R. M., "Interaction of Mass and Momentum Trans-
fer in the Turbulent Boundary Layer," Doctoral thesis, 1959,
Massachusetts Institute of Technology.

8 McQuaid, J., "Incompressible Turbulent Boundary Layers
with Distributed Injection," Ph.D. thesis, 1966, Cambridge
Univ.

9 Simpson, R. L., Kays, W. M., and Moffat, R. J., "The Tur-
bulent Boundary Layer on a Porous Plate: An Experimental
Study of the Fluid Dynamics with Injection and Suction," Rept.
HMT-2, Dec. 1967, Stanford Univ.

10 Curl, R. L., "Heat Transfer for Flow over a Flat Plate with
Blowing, Acceleration, and Nonuniform Wall Temperature,"
Doctoral thesis, Jan. 1955, Massachusetts Institute of Tech-
nology.

11 Smith, K. A., "The Transpired Turbulent Boundary



1824 AIAA JOURNAL VOL. 6, NO. 9

Layer," Doctoral thesis, May 1962, Massachusetts Institute of
Technology.

12 Goodwin, B. M., "The Transpired Turbulent Boundary
Layer with Zero Pressure Gradient," Doctoral thesis, 1961,
Massachusetts Institute of Technology.

13Butensky, M. S., "The Transpired Turbulent Boundary
Layer on a Flat Plate," Doctoral thesis, 1962, Massachusetts
Institute of Technology.

14 Laufer, J., "The Structure of Turbulence in Fully Developed
Pipe Flow," TR 1174,1954, NACA.

15 Klebanoff, R. S., "Characteristics of Turbulence in a Bound-
ary Layer with Zero Pressure Gradient," TR 1247, April 1953,
NACA.

16 Smith, D. W. and Walker, J. H., "Skin-Friction Measure-
ments in Incompressible Flow," TN 4231, March 1958, NASA.

17 Clauser, F. H., "Turbulent Boundary Layer in Adverse Pres-
sure Gradients," Journal of the Aeronautical Sciences, Vol. 21,
No. 2, Feb. 1954.

18 Dutton, R. A., "The Effects of Distributed Suction on the
Development of Turbulent Boundary Layers," A.R.C. 20,036,
F.M. 2671, March 27,1958, Aeronautical Research Council.

Reply by Author to T. J. Dahm
and R. M. Kendall

Admittedly the accuracy of vw/ui is important in the evalua-
tion of the skin friction, but the errors in vw/Ui are more
readily estimated than the hidden errors in dO/dx. The
criterion on the error of dB/dx which was used to plot the chain
dotted line in Fig. 1 of my Note spans the scatter of the data
in the main experiments of McQuaid1; however, I agree that
the criterion is too low. Many of the comments on the Note
rely on being able to disregard the experimental results of
McQuaid.1 It is stated that there is a discrepancy in the
results. In fact the "discrepancy" does not seem to be in the
main set of experiments but in an experiment on a boundary
layer with a discontinuity in the injection rate. McQuaid1

states that this particular experiment "should be regarded as
no more than preliminary in nature" because "the velocity
distribution along the test wall could not be adjusted to a
constant value to the same precision as in the main experi-
ments" which "rendered the determination of cf from the
measured growth of 6 very inaccurate." To disregard the
main experiments because of difficulties in the discontinuous
injection experiment seems unreasonable.
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T. N. STEVENSON*
University of Manchester, England

THE dimensional analysis in my Note was based on zero
skin friction, a criterion used by Kutateladz and Leont'ev.

In the discussion that followed I examined the implications of
zero skin friction. The comment by Dahm and Kendall that
"Fig. 2 demonstrates that C is obviously not constant" is in-
correct. The figure does not prove the case one way or
another; it was not intended to. If a breakaway had
occurred, the value of the intercept on the horizontal would
have continued to increase as it does on the plot of u/u\ vs
y/d as it goes through separation in an adverse pressure
gradient without injection. However, this type of separation
is probably unlikely in the case of injection, and the skin fric-
tion probably approaches zero asymptotically.

Erratum: "Pressure Distribution on
Cone-Cylinders in Hypersonic Flow"

K. J. TOURYAN,* G. E. CLARK, f AND D. J. RlGALlf
Sandia Laboratory, Albuquerque, N. Mex.

[AIAA J. 6, 739-741 (1968)]

IN the above paper, the computations for Fig. 2
included the effects of the boundary layer. For the

calculations of Ref. 5 of that paper, the boundary layer was
assumed to be turbulent, starting at about 25% of the bone
length, but it was considered laminar in all other calcula-
tions (see Refs. 1-3 of above paper).

Received May 27,1968.
* Lecturer, Department of the Mechanics of Fluids.

Received April 30,1968.
* Supervisor, Re-Entry Studies Division. Member AIAA.
t Staff Member, Aerothermodynamics Department, Re-Entry

Studies Division. Member AIAA.


